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PACKING NEARLY-DISJOINT SETS 

P. D.  S E Y M O U R  

Received 23 October 1981 

De Bruijn and Erd6s proved that if A~ . . . . .  Ak are distinct subsets of a set of cardinality 
p,,, and IAj AA~I=<I for l~i<j~_k, and k>n, then some two of Aa . . . . .  Ak have empty intersec- 

k 
tion. We prove a strengthening, that at least --  of A~ . . . . .  Ak are pairwise disjoint. This is motivated 

n 
by a well-known conjecture of Erdts, Faber and Lov~sz of which it is a corollary. 

1. Introduction 

T h r o u g h o u t  this paper  we shall  only  be concerned  with finite s tructures,  and  
fur ther  reference to this will be omi t ted .  

I f  d is a col lect ion o f  sets, we say tha t  d is nearly-disjoint if  !A (qA'] =< 1 for  
dis t inct  A, A'E~¢.  We begin by  descr ib ing a conjec ture  o f  E r d t s ,  F a b e r  and Lov~sz  
(see for  example  [2]), which mot iva t ed  this paper .  I t  is the following.  

(1.1) (Conjecture).  Let  n > 0 be an integer, and let d be a nearly-disioint collection o f  tets, 
each with cardinality n, and let Idl=l~. Then the elements o f  U ( A :  A C ~ )  may be 
coloured with n colours, 6"0 that for  each AE sd, all the elements of A receive different 
colours. 

I t  may  be shown to be equivalent  to the following.  

(1.2) (Conjecture). Let d be a neaHy-dis/oint collection o f  subsets o f  a set o f  cardinality 
n > 0 .  Then the members o f  ~ ¢ may be coloured with n colours, so that distinct A, A 6,~g 
receive different colours i f  A (q A" ~ O. 

We prove  this equivalence in section 2. Our  main result  is the following.  

(1.3) Let zd be a nearly-disjoint collection o f  subsets o[a  set o J" cardinality n :>0. Then 
1 

there exist Aa, ..., Ap-~ ~'d, pairwise disjoint, where p ~ ~ I.Jl. 
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Clearly this is a corollary of (1.2) since some colour class must contain at least 
1 

- -  [s~ 1 members of ~.~. We prove (l .3) in section 3, and in section 4 we find the collections 
n 
for which 1.3 is best possible. Section 5 contains some concluding remarks. 

Let us mention in passing that (1.3) contains a well-known result of De Bruijn 
and Erd6s [1], the following. 

(1.4) Let ~¢ be a collection o f  subsets o f  a set o f  cardinalio~ n >0, such that IA (hA't = 1 
Jor distinct A, A' ~o~/. Then [~/I ~_n. 

2. The Equivalence  of  (1. I) and (1 .2)  

Let d be a nearly-disjoint collection of subsets of a setE. (Note that "'collec- 
tion" means "set", and a collection has no repeated members.) Consider the follow- 
ing statements about d .  

(2.1) ] d ] = n > 0 .  
(2.2) [Ai=n ./br each d C d .  
(2.3) The elements o r E  may be coloured with n colours so &at for  each AE d ,  all the 
elements o f  A receive different colours. 

Thus conjecture (1.1) asserts that (2.1) and (2.2) imply (2.3). Now consider the 
statement 
(2.4) IAl<=n /br each AE.~.  

(1.1) is equivalent to the assertion that (2.1) and (2.4) imply (2.3), for if some 
AEo~ has IA[<n, we simply add n-[A[  new elements to A. Finally, consider the 
following statement. 

(2.5) For ~ffstinct x, x" E E, there exists A~ d such that [AN {x. x'}[ = 1. 

We may add (2.5) to our list of hypotheses; for if (2.1), (2.4) and (2.5) together 
imply (2.3), then (2.1) and (2.4) imply (2.3), as is easily seen. But (2.4) is implied by 
(2.1) and (2.5). Hence (l.1)is equivalent to the assertion that (2.1) and (2.5) imply 
(2.3). However, (2.5) ensures that the set-element dual of ~¢ is another collection of 
sets, and it is clearly nearly-disjoint. (1.2)is merely the assertion that (2.1) and (2.5) 
imply (2.3), expressed in terms of the set-element dual of ,~. Thus (1.1) and (1.2) are 
equivalent. 

3. P r o o f  of  the theorem 1.a 

1 
Let p be the least integer with P ~ n  ]all. \V._ proceed by induction on p. 

The result is trivial if p=0 ,  and so we assume that p > 0  and hence that o~¢~). 

(3.1) We may assume that i JA6  z¢ amt IAl=m, then there are at least ( p - 2 ) m + n +  1 
members q/ '~ '  which have non-empO, inter;ection with A. 

Proof .  If there are more than ( n - m ) ( p - 2 )  members of ~/disjoint  from A, then by 
induction some p -  1 of them are pairwise disioint, and these together with A give the 
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required p disjoint members of ~¢. We may assume then that at most ( d - m ) ( p - 2 )  
members of ~¢ are disjoint from A; but l,~! =>(p - l )n+  1, and the result follows. 

(3.2) 0¢ ,-~. 

Proof. This follows from (3.1) by setting A=0.  

(3.3) I f  xEE, then x is contained in at most n members of ~ .  

Proof. The sets A - { x } ( x 6 A E ~ )  are pairwise disjoint subsets of E - { x } ,  and at 
most one of them is empty. 

(3.4) l f  X ~ E  and [XI <-p- 1, then there exists AE,~¢ with A A X= O. 

Proof. By (3.3), the number of members of ~¢ which intersect X is at most nlXl<= 
~ n ( p -  1)< [sd], and the result follows. 

Now we define B~, ..., B v ~ ¢  and xt, ..., xpEE, as follows. Inductively, 
having defined Bj and xj for 1<_-./<i, we let B; be a member B E ~  ¢ of minimum 
cardinality for which BN{xt  . . . .  , xi_a}=0 (this is possible by (3.4)) and we let xi 
be an element xCB~ for which [{AC~e:xCA}] is maximum (this is possible by (3.2).) 
For l<=i<=p, we define 

. ~  -- {A~..~:A n {x~, . . . ,  x,} = {x,)} 

m~. = IBel 

~i = {AE~¢i : IAI = ,n;} 

J~ = { j : l  <=j < i and some AE~'j contains x~}. 

(3.5) xx . . . . .  xp are all distinct, and mi<=m.i for 1 <=i<-j<=p. 

Proof. These follows immediately from the definitions. 

(3.6) I f  l<=i~p, then r~=>mil.~c~]-n+l+ ~, ( m i - I ) .  
j E J i  

Proof. Clearly Z (lAI-1)-<-n-1;  but 
A ) x  i 

(IAI-1) = Z ( IA[-1)+  Z Z (iA1-1) => 
A ~ x  i A ~ d  i l<=j<--i A ~ j  

A ~ x  i 

>-- Z " , -  Z ~+ Z ('"~-I)= 
AE:~'i A E ~ i  JEJi 

= m i[-~¢i[--rih- Z (m j -  1). 
JEJ i  

(We observe that ifjEJ~, there is a unique A E d  i with xtEA, and of course )A[=> 
=>mj.) The result follows. 

(3.7) I f  l<--i<=p, then m i ( l d / I + l J ~ [ - p + l ) ~ n .  
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Proof. The number of members of a¢ which intersect B~ is at least ( p - 2 ) m ~ + n +  1, 
by (3.1). However, the number of members of a¢ which contain x~B~ is maximized 
when x=xi ,  by definition of xi, and then this number is ]~¢~l+lJi], We deduce 
that 

( p - 2 ) m , + n + l  <= m,(Id, l + l J d - 1 ) + l  

and the result follows. 

(3.8) Ifl<--i<=p, then r t > - l + p - i +  ~ '  (mj-1) .  
l~_j<i 

Proof. From (3.6) and (3.7) we obtain 

ri ~ l + m i ( p - 1  - ] J i l ) +  ~ '  (m i - l )  = 
J~J~ 

= t + m ~ ( p - l - I J ~ l ) -  ~_, ( m j - l ) +  ~ '  (m2-1). 
l ~ j < i  l ~ j < i  
J~ Ji 

However, m , ( p - l - ! J i l  ) -  ~ '  ( m j - 1 ) > = m i ( p - l - l d i [ )  - ~ m, (by (3.5)) 
l_~j<i l_~]<i 
J~L JCJ~ 

= ,n i (p-  1 --IJ, I ) - m ~ ( i -  1 - IJ ,  I) = 

= mi ( p -  i) 

The result follows. 
=> p -  i (by (3.2)). 

(3.9) Conclusion. We now construct Aa . . . . .  A p E d  as follows. Having defined 
Aj(1 ~_j<i), we choose A~q&~ with A~fqZ~=O, where Zi is defined to be 

{ x j : i < j  <= p}tJ [..J (Aj-{xj}) .  
l~_j<t 

To see that this is possible, we observe that the sets A-- {x,.} (A E &;) are pairwise 
disjoint, and there are at least 1 + !Zil of them, by (3.8). Thus at least one of them is 
disjoint from Z~. 

Now for l<=j<i<=p, we have Ai~Aj=O. For xj~Ai  (since Ai~'-~i~,~i), 
and Aj- -{xj}~Zi  which is disjoint from Ai. Thus A] . . . . .  Ap are pairwise disjoint, 
and the theorem is proved. 

4. Characterization of equality 

(4.1) I f  d is a nearly-disjohlt collection oJ subsets orE, with IEI=n>0,  and the maxi- 

mum number of  pairwise members o j . d  is 1 ldl, then up to isomorphism, one of  the 
n 

followflTg holds: 
(i) d = 0  

(ii) n = l  
(iii) d = { { 1 } ,  {1,2}, {1, 3}, ..., {1, n}} (n~2)  
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(iv) ~ 4 = { { 2 ,  3 . . . . .  n}, {1, 2,}, {1, 3} . . . .  , {1, n}} (n=>3) 
(v) ~¢ is the set of lines of a projective plane, and E is its set of points 

(vi) n =>5 is odd, and ~¢ contains all two-element subsets of E. 

Proof. Cases (i), (ii) are trivial. We assume then that ~¢¢0,  and n=>2. Put p -  1 = 

1 [o~¢1, so that p=>2. 
n 

We claim that 0 ~  ¢. For if 0Cs~¢, we have that p - l ~ l + - - l ( l ~ ¢ ] - l ) ,  
n 

since at least 1 ( [d l  - 1) members of ~ / - { 0 }  are pairwise disjoint: and yet I~/I = 
n 

= ( p -  1)n. This yields that n =  1, a contradiction. 
Suppose that IAI = l for  some A E J ,  and A = {x} say. Now there are at most 

( p - 2 ) ( n -  1) members of.~¢ which do not contain x, since at most p - 2  of them are 
pairwise disjoint. Thus there are at least 

( p - l ) n - ( p - 2 ) ( n - 1 )  = n + p - 2  

members of ~¢ which do contain x. But there are certainly no more than n; and so 
p = 2 ,  and therefore every member of  ~¢ contains x. It follows that we have case (iii). 

We may therefore assume that IAI =>2 for AE~¢. Now if p = 2 ,  we have either 
case (iv) or (v), by a result of De Bruijn and Erd6s [1]. We assume then that p=>3, 
and proceed by induction on p. 

Let us follows through the proof  of (1.3), with the hypothesis [dl  =>(p- l )n+  1 
replaced by [~¢[=(p-1)n ,  and see where it breaks down. In Lemma (3.1)we must 
replace ( p - 2 ) m + n +  1 by ( p - 2 ) m + n .  (3.2) and (3.3) are trivial, and (3.4) still holds, 
because in fact the number of  members of  ~¢ which intersects X ~ E  is at most 
(n-1)[XI<t~¢ [. Thus the definition of B~ . . . .  ,B  e and Xl . . . . .  x e still works. (3.5) 
is still true, and so is (3.6.) In (3.7) we can only prove that 

lni (1~¢~i + ] J~ l -P+ 1) => n - 1, 

but (3.8) is still true except when i =p,  when we can only prove that rp => ~ '  (mj - 1). 
l<-j~p 

The construction of the conclusion (3.9) still works, except for the construction of 
Ap, which must fail. We deduce that rp= ~ '  (m i -  1), and hence that equality holds 

l ~ j ~ p  

in the (modified) (3.1) with A =Bp and m =  me. Hence there are exactly ( n - m ~ ) ( p - 2 )  
members of d disjoint from B e, and only p - 2  of them are pairwise disjoint. Thus 
by induction, the collection {AEgl:AOBe=O } is isomorphic to one of type (iv), 
(v) or (vi). Hence every two-element subset of E--B e is included in a member of d 
disjoint from Be; and so no A E d  which intersects B e has [A-Bp] > 1. Thus if A ~ d  
and AfgBp~O, then either A=B e or IAI=2. In particular, ifxS_AE~¢ and A ~ B  e 
then IA[=2. But .~e~{Be}, since 

r t ,=  ~.  ( m s - 1 ) = > p - 1  =>2, 
l~j<p 
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and so there exists BEMp with B¢B~,. Hence [B[=2, and so rap=2, and [B /=2 ,  
and so if xpEACsg then IA[ =2. However, equality holds in (3.6) when i=p,  and so 

Z ( I A [ - l )  = n - 1 .  
A)xp  

Thus {x, Xp}E s'J for every xE E -  {x;}. Hence rp = n -  1 - ( p -  1) and so ~ (m j -  1)= 
l~_j<p 

= n - p ,  that is, p - l = n - p  (since 2~mi<=mv=2 for 1-<./<p). Hence p =  
1 

= 1  (n+ 1), and so !sOl = ( p -  l)n = ~- n ( n -  1). But every AEz~ includes a two-ele- 

ment subset of E, and more than one unless ]A 1=2, and yet no two-element subset 
is included in more than one member of ~¢. It follows that every member of d has 
cardinality 2, and we have case (vi) of the theorem. 

5. Remarks 

The Erd6s--Faber--LovAsz conjecture (1.2) also implies the following strength- 
ening of(1.3). 

(5.1) (Conjecture) Let ~J be a nearly-disjoint collection o f  subsets o /a  set E with [E] = n > O. 
For each AE~*/, let w(A) be a nonnegatice real mmTber. Then Jor some p>=O, there 
exist A~ . . . . .  A~C~ ¢, pairwise dis/oint, such that 

1 
Z ~,~CA,) ~ --- 2 w(A) 

(Thus, our theorem (1.3) yields (5.1) when w is (0,1)-valued.) It would be very 
interesting to prove (5.1), because one could then apply linear programming duality 
to obtain a "linear relaxation" of (1.2), the following. 

(5.2) (Conjecture) Let ~¢ be a nearly-disjoint collection oj subsets o f  a set E, with 
!E i =n  >0, and let B be the collection o f  all sets o f  members o f  d which are pairwise 
disjoint. Then there is a non-negative real-valued function q on ~ such that 

(i) ~ '  q ( B )  = 17 
B E ~  

(ii) for each A E ~ ,  ~ q(B)  ~ 1. 
AEB~_,@ 

(We can choose such a q integer-valued ffand only if (1.2) is true.) It is tantaliz- 
ing that our proof of (1.3) nearly serves to prove (5.1). For example, if z~' is a minimum 

to (5.1), and B E ~  has ~ mininmm, it is easy to see that a large counterexample 

number of the members of ~/intersecting B have this ratio almost as small. (This is 
analogous to (3.8).) 
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(1.2) is o f  particular interest when all members  o f  d have the same cardinality, 
because o f  its connect ion with block designs. However,  in that  case (1.3) seems to be 
nowhere  near best possible. For  example, if ~¢ is a Steiner triple system, then [~¢[ = 

1 1 =-~- n(n- -  1), and (1.3) guarantees ~- ( n -  1) disjoint triples. However ,  Woolbr ight  [3] 

3 
has shown that  there are in fact at least ~ n -  7 disjoint triples. 
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